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Decay of a Magnetohydrodynamic
Shock Wave Produced by a Piston

ROY M. GUNDERSEN*
The University of Wisconsin-Milwaukee,

Milwaukee, Wis.

IT is the purpose of this note to discuss the interaction of a
uniform shock wave and a centered rarefaction wave in

the one-dimensional, unsteady flow of an ideal, inviscid, per-
fectly conducting, monatomic, compressible fluid subjected to
a transverse magnetic field. Let a uniform shock wave be
generated by pushing a piston with constant velocity into a
tube filled with gas at rest, and, at some later time, let the
piston be stopped abruptly thus generating a centered rare-
faction wave, which propagates with true-sonic speed and
ultimately overtakes the shock and diminishes its strength.
Under the assumption that the shock wave is weak or at
most of moderate strength, the width of the interaction zone
and the subsequent motion of the shock wave may be deter-
mined by the use of the author's extension1 of the Friedrichs'
theory2. 3 for conventional gasdynamic flows. For a mon-
atomic fluid, generalized Riemann invariants4 and the flow
parameters in a centered simple wave5 may be determined
explicitly. These facts form the basis for a simple extension
of the Friedrichs' theory to the magnetic case, and, in the
limit of vanishing magnetic field, the extended theory re-
duces exactly to that derived by Friedrichs.

Let u, c, B, /z, p, 62 = B2/w, co - (62 + c2)1/2, fi - u + co,
m — b/c, and U be, respectively, the particle velocity, local
speed of sound, magnetic induction, permeability, density,
square of the Alfven speed, the true-sonic speed, slope of the
forward-facing characteristics of the simple wave, a measure
of the applied field, and shock velocity. Let the flow in front
of the shock be denoted by the subscript zero, and let the
subscript one denote the flow behind the shock or in front of
the rarefaction wave. Consequently, the velocity of the
piston is Ui, and the shock velocity is Ui. Further, it is as-
sumed that the piston is stopped at time tR at the position
XR = UitR.

For the magnetic case, the generalized Riemann invariants
are4

u/2 + (co/c)3/& = «

- u/2 + (co/c)8A = 0
where k is constant, and the Friedrichs' theory assumes /30 =
(co0/co)3/fc remains constant across the shock, i.e., the shock
transition is replaced by the transition through the corre-
sponding compression simple wave.

The strength of the shock may be characterized by the
function cr(£), defined by ft — co0 = COO<T(£), where § is a pa-
rameter constant along a rectilinear characteristic of the
simple wave. For a monatomic fluid, u and co may be deter-
mined explicitly in terms of 0, and, in particular, since coi
may be expressed in terms of Ui, the piston velocity, it suf-
fices to state that

— C00]/C0o (1)

which is known. Then the shock velocity may be determined
from the formula1

t/! = ox, [1 + o-i/2 + ZW/8] (2)
where

D = [69m!4 + 136m]2 + 64 - 4m!2(l + m!2)3/2]/(8 + 9m!2)2

and

lim D = 1
wi— »0

The centered rarefaction wave may be described by x =
XR + Q(£ — £#), and its strength is determined by the condi-
tion that the flow behind it, characterized by the subscript
two, is at rest. Consequently, U<L = 0, and it follows that
cr2 = 0 and co2 = co0, so that the motion of the tail of the
rarefaction wave is given by

X = XT = XR + C00(£ - tR)

The head of the rarefaction wave catches up with the shock
at a time ti at a position

Xi = Uiti = XR + (U, + C0i)(fi - IR) (3)

From Eqs. (1-3), it follows that

The solution for the shock path obtained when a weak
shock interacts with a rarefaction wave described by

is given by

In order to use Eq. (4) for the present problem in which the
interaction begins at t = h, it is convenient to describe the
simple wave with respect to a new origin (x^ ti). This gives

x - xl = co0(l + o)(t — U) + - tR)(a- - (5)

From Eq. (5), it follows that £ = — co0(£i — ^)(cri — a-), and
substituting into Eq. (4); which is the magnetohydrodynamic
generalization of Eq. (8.6) of Ref. 2, the following result is
obtained :

- tR) - 2) -

(6)
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Therefore,

X ^S Xa = XR + C0o(l + O") (t — IR) (7)

Equations (6-7) give the parametric representation of the
motion of the shock. In order to describe this motion by
giving x as a function of t, Eq. (6) may be inverted to give
cr = 0(t) which, upon substitution into Eq. (7), gives x =
x(t). From the asymptotic form of this result, valid for
large t and consequently for small a, it may be seen, exactly
as in the conventional gasdynamic case, that the width of the
decaying shock wave, i.e., the distance between the shock
front and the tail of the rarefaction wave, increases in direct
proportion to the square root of the time elapsed.
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Optimum Translation and the
Brachistochrone
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Hughes Aircraft Company, El Segundo, Calif.

1. Introduction

REQUIREMENTS for a manned lunar landing include
the ability to descend to a low altitude, hover for a time

sufficient to examine the potential landing site, and translate
if necessary to a new landing site. In Ref. 1, several possible
translation maneuvers are analyzed from the point of view
of fuel consumption. In this paper we determine the man-
euver which results in the least possible fuel consumption.
The solution is effected by transforming the problem into a
form equivalent to the brachistochrone with limited slope and
applying standard techniques of the calculus of variations.

It will be assumed that the maneuver is horizontal and per-
pendicular to the gravitational acceleration g, which is con-
stant in magnitude and direction. It will further be assumed
that the thrust acceleration O,T is bounded in magnitude. In
particular, let ju. denote the horizontal component of the
thrust to weight ratio dT/g and M the maximum value of ju.
Since for horizontal motion the vertical component of the
thrust acceleration is g, the total acceleration due to thrust is
limited as follows:

0 aT I)1/2
(D

The assumption of the limit on thrust acceleration, rather
than thrust, results in analytical simplifications which enable
closed form solutions to be obtained easily.

2. The Variational Problem

The equations of motion are

x = »g # = 0 (2)

where g is the vertical component of the thrust acceleration
and jj,g is the horizontal component. The thrust acceleration
magnitude is then

aT = g(l + M2)1/2 (3)
and the characteristic velocity is

AF = (1 + M
2)1/2 dt (4)

where tf is the time of flight.
The problem is to determine that function n(t) which

minimizes (4) subject to (1), (2), and the end conditions:

t = 0:

t = tf:

x = 0

x = D

x = 0

x = 0
(5)

That is, the vehicle translates through the distance D, be-
ginning and ending in a stationary hovering position.
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The problem can be transformed into the classical first
problem of the calculus of variations by treating distance as
the independent and velocity as the dependent variable.
We define £ = 2x/D,-u = vz/gD, v = x and Eq. (4) becomes

A7 _ 1 f g
" 2 Jo (6)

where u' = du/d£ = /x. The inequality constraint (1) can
be expressed by the equality,2

62 = M* _ t t/2 (7)

where e is a new state variable. Incorporating the con-
straint (7) by the method of Lagrange multipliers leads to
the following integral to be minimized:

A7

(8)

where the integration interval has been reduced to half the
distance to take advantage of symmetry. The boundary
conditions are

0: u = 0

1: u not prescribed
(9)

That is, the problem of translating a distance D, beginning
and ending at zero velocity, is equivalent to that of translat-
ing a distance D/2 beginning at rest and with arbitrary final
velocity.

Equations (8) and (9) are identical to those obtained from
the brachistochrone problem, where it is desired to find the
shape y(x) of a frictionless wire joining two points, such that
a particle sliding along the wire under the influence of gravity
alone will travel between the points in minimum time. To
complete the analogy £ = 2x/D, u = 2y/D and A 7 == gT,
where T is the duration of the motion. The constraint cor-
responds to a limit on the maximum slope the wire is allowed
to assume.

3. Solution of the Variational Problem

The solution is obtained by direct application of the meth-
ods of the calculus of variations described in Ref. 2. In
particular it may be shown that either e = 0 and the accelera-
tion is maximum or minimum, or X = 0 and an intermediate
level prevails. The corner conditions show that X and uf

are continuous at the transition and the free boundary condi-
tions yield u' = 0 at £ = 1, where the velocity is maximum.
The transition from maximum to intermediate thrust ac-
celeration is determined from the Weierstrass condition.

The resulting optimum thrust acceleration is given as a
function of the instantaneous velocity by

=' u' = M Us)

/«= _ A'
\U )

(u

where the maximum value of the velocity variable u is

and the switching condition is
u. = uj(l + M2)

The trajectory is
£ = u/M (u < u,)

(10)

(ID

(12)

(13)


